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Abstract: Let {Fn} be a sequence of random variables belonging to a finite sum of Wiener 
chaoses. Assume further that it converges in distribution towards F^o satisfying Var(Foo) > 0. 
Our first result is a sequential version of a theorem by Shigekawa |25| . More precisely, we prove, 
without additional assumptions, that the sequence {Fn} actually converges in total variation and 
that the law of F^o is absolutely continuous. We give an application to discrete non-Gaussian 
■ chaoses. In a second part, we assume that each Fn has more specifically the form of a multiple 

', Wiener-Ito integral (of a fixed order) and that it converges in L^(0) towards Fqo- We then give 

an upper bound for the distance in total variation between the laws of Fn and -Fqo- As such, we 
' recover an inequality due to Davydov and Martynova [6]; our rate is weaker compared to [6] (by 

a power of 1/2), but the advantage is that our proof is not only sketched as in [6]. Finally, in a 
third part we show that the convergence in the celebrated Peccati- Tudor theorem actually holds 
in the total variation topology. 



(N 

I— I 

O 

(N 
> 

O 

O 

in 



O 



X 



Keywords: Convergence in distribution; Convergence in total variation; Malliavin calculus; mul- 
tiple Wiener-Ito integral; Wiener chaos. 

2000 Mathematics Subject Classification: 60F05, 60G15, 60H05, 60H07. 



^ ■ 1 Introduction 
oo 

I In a seminal paper of 2005, Nualart and Peccati |21) discovered the surprising fact that convergence 

■ in distribution for sequences of multiple Wiener-Ito integrals to the Gaussian is equivalent to 

VQ . convergence of just the fourth moment. A new line of research was born. Indeed, since the 

publication of this important paper, many improvements and developments on this theme have 
been considered. (For an overview of the existing literature, we refer the reader to the book |16) . 
to the survey |14j or to the constantly updated web page |13).) 

Let us only state one of these results, whose proof relies on the combination of Malliavin 
calculus and Stein's method (see, e.g., \16\ Theorem 5.2.6]). When F,G are random variables, we 



■ write dxyiF, G) to indicate the total variation distance between the laws of F and G, that is, 

dTv{F,G)= sup \P{F (^A)-P{G^A)\ = ]-sv.v\E[^{F)]-E[^{G)% 
AeB{R) ^ 4> 

where the first (resp. second) supremum is takerU over Borel sets ^ of M (resp. over continuous 

*Email: inourdin@gmail.com; IN was partially supported by the ANR grants ANR-09-BLAN-0114 
and ANR-lO-BLAN-0121. 

I'Email: guillaume . polyOcrans . org 

■I- One can actually restrict to hounded Borel sets without changing the value of the supremum; this easy 
remark is going to be used many times in the forthcoming proofs. 
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functions </) : M — )• M which are bounded by 1). 

Theorem 1.1 If k ^ 2 is an integer, if F is an element of the kth Wiener chaos T-L^ satisfying 
EIF"^] = 1 andifNr^ A/'(0, 1), then 

I Ah — 4 , 

dTv{F,N) ^ ^—^^\E[F^]-?,\. 

As an almost immediate corohary of Theorem II. 1| we get the surprising fact that if a sequence 
of muhiple Wiener-Ito integrals with unit variance converges in distribution to the standard 
Gaussian law, then it automatically converges in total variation ( |16| Corollary 5.2.8]). The main 
thread of the present paper is the seek for other instances where such a phenomenon could occur. 
In particular, a pivotal role will be played by the sequences having the form of a (vector of) 
multiple Wiener-Ito integral(s) or, more generally, belonging to a finite sum of Wiener chaoses. 
As we said, the proof of Theorem 11.11 relies in a crucial way to the use of Stein's method. In 
a non-discrete framework (which is the case here), it is fairly understood that this method can 
give good results with respect to the total variation distance only in dimension one (see [3]) and 
when the target law is Gaussian (see [5]). Therefore, to reach our goal we need to introduce 
completely new ideas with respect to the existing literature. As anticipated, we will manage to 
exhibit three different situations where the convergence in distribution turns out to be equivalent 
to the convergence in total variation. In our new approach, an important role is played by the 
fact that the Wiener chaoses enjoy many nice properties, such as hypercontractivity (Theorem 
12. ip . product formula (j2.7p or Hermite polynomial representation of multiple integrals ()2.3p . 

Let us now describe our main results in more detail. Our first example focuses on sequences 
belonging to a finite sum of chaoses and may be seen as a sequential version of a theorem by 
Shigekawa |25) . More specifically, let {Fn} be a sequence in ©^^q^^ (where T-Lk stands for the 
A;th Wiener chaos; by convention T-Lq = M), and assume that it converges in distribution towards 
a random variable Fqo- Assume moreover that the variance of F^o is not zero. Let dpM denote 
the Fortet-Mourier distance, defined by 

dFM{F,G) = snv\E[(t,{F)]-E[(t>{G% 

where the supremum is taken over 1-Lipschitz functions (/> : M — )• M which are bounded by 1. We 
prove that there exists a constant c > such that, for any n ^ 1, 

dTv{Fn,F^) ^ cdFM{Fn,F^)^K (1.1) 

Since it is well-known that dpM metrizes the convergence in distribution (see, e.g., O Theorem 
11.3.3]), our inequality (jl.ip implies in particular that Fn converges to F^o not only in distribution, 
but also in total variation. Besides, one can further prove that the law of F^o is absolutely 
continuous with respect to the Lebesgue measure. This fact is an interesting first step towards 
a full description of the closure in distributior|§ of the Wiener chaoses Tij^, which is still an open 
problem except when k = 1 (trivial) or A; = 2 (see |18j). We believe that our method is robust 
enough to be applied to some more general situations, and here is a short list of possible extensions 
of (jl.ip that we plan to study in some subsequent papers: 

§It is worthwhile noting that the Wiener chaoses are closed for the convergence in probability, as shown 
by Schreiber [M] in 1969. 
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(i) extension to the multidimensional case; 

(ii) improvement of the rate of convergence; 

(iii) extension to other types of chaoses (in the spirit of [9]). 

As a first step towards point (iii) and using some techniques of Mossel, O'Donnel and Oleszkiewicz 
we establish in Theorem 13.21 that, if fi is the law of a sequence of multilinear polynomials 
with low influences, bounded degree and unit variance, then it necessarily admits a density with 
respect to Lebesgue measure. 

Our second example is concerned with sequences belonging to a fixed order Wiener chaos Tif^ 
(with k ^ 2) and when we have convergence in L^(r2). More precisely, let {Fn} be a sequence of 
the form Fn = Ikifn) (with 1,^ the kth multiple Wiener-Ito integral) and assume that it converges 
in L^(r2) towards a random variable F^o = Ik{foo)- Assume moreover that EIF"^] > 0. Then, 
there exists a constant c > such that, for any n ^ 1, 

dTl/(i^n,i^oo) ^ c||/„-/oo||^. (1.2) 

Actually, the inequality (jl.2p is not new. It was shown in 1987 by Davydov and Martynova in [6] 
(with the better factor ^ instead of ^). However, it is a pity that [6] contains only a sketch of 
the proof of ()1.2p . Since it is not clear (at least for us!) how to complete the missing details, we 
believe that our proof may be of interest as it is fully self-contained. Moreover, we are hopeful 
that our approach could be used in the multivariate framework as well, which would solve an open 
problem (see indeed [2] and comments therein). Once again, we postpone this possible extension 
in a subsequent paper. 

Finally, we develop a third example. It arises when one seeks for a multidimensional counter- 
part of Theorem 1 1.1 1 that is, when one wants to prove that one can replace for free the convergence 
in distribution in the statement of the Peccati- Tudor theorem Theorem 6.2.3]) by a conver- 
gence in total variation. We prove, without relying to Stein's method but in the same spirit as in 
the famous proof of the Hormander theorem by Paul Malliavin |10| , that if a sequence of vectors 
of multiple Wiener-Ito integrals converges in law to a Gaussian vector having a non-degenerate 
covariance matrix, then it necessarily converges in total variation. This result solves, in the 
multidimensional framework, a problem left open after the discovery of Theorem 11.11 

Our paper contains results closely connected to those of the paper [8] by Hu, Lu and Nualart. 
The investigations were done independently and at about the same time. In [3, the authors 
focus on the convergence of random vectors {Fn} which are functionals of Gaussian processes to 
a normal AA(0, 1^). More specifically, they work under a negative moment condition (in the spirit 
of our Theorem 14.21 and whose validity may be sometimes difficult to check in concrete situations) 
which enables them to show that the density of Fn (as well as its first derivatives) converges to the 
Gaussian density. Applications to sequences of random variables in the second Wiener chaos is 
then discussed. It is worth mentioning that the philosophy of our paper is a bit different. We are 
indeed interested in exhibiting instances for which, without further assumptions, the convergence 
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in law (to a random variable which is not necessarily Gaussian) turns out to be equivalent to the 
convergence in total variatior|^. 

The rest of the paper is organized as follows. In Section [2l we first recall some useful facts 
about multiple Wiener-Ito integrals and Malliavin calculus. We then prove inequality (jl.ip in 
Section [3j The proof of (|1.2p is done in Section 3] Finally, our extension of the Peccati- Tudor 
Theorem is given in Section [5l 

2 Preliminaries 

This section contains the elements of Gaussian analysis and Malliavin calculus that are used 
throughout this paper. See the monographs |16| [T9] for further details. 

2.1 Isonormal processes and multiple Wiener-Ito integrals 

Let be a real separable Hilbert space. For any A; ^ 1, we write S)^^ and i^®'^' to indicate, 
respectively, the A;th tensor power and the fcth symmetric tensor power of i^; we also set by 
convention S^^^ = Sj^^ = M. When = L'^(A,A,fi) =: L'^{fi), where ^ is a u-finite and non- 
atomic measure on the measurable space (A, A), then i^®'^ = L"^ [A'' , A'' , j-i^) =: L'^{fi^), and 
= L^(A^ , A^ , fi^) := L'^{fi^), where Lg(/i'^) stands for the subspace of composed 
of those functions that are ^''-almost everywhere symmetric. We denote by X = {X{h) : h G 
i^} an isonormal Gaussian process over i^. This means that X is a centered Gaussian family, 
defined on some probability space {Q,J-',P), with a covariance structure given by the relation 
E [X{h)X{g)] = {h,g)s)- We also assume that = that is, is generated by X. 

For every k ^ 1, the symbol "H^ stands for the A:th Wiener chaos of X, defined as the closed 
linear subspace of L^(f], J^, P) =: L^(r2) generated by the family {Hk{X{h)) : h ^ Sj, \\h\\^ = 1}, 
where i^^ is the kth Hermite polynomial given by 

H,ix) = {-lM^{e-i). (2.3) 

We write by convention T-Lq = M. For any k ^ 1, the mapping I}.{h®^) = Hk{X{h)) can be 
extended to a linear isometry between the symmetric tensor product S^®^ (equipped with the 
modified norm V^IHI^^fc) and the kth. Wiener chaos %k. For A; = 0, we write Iq{c) = c, c G M. 
A crucial fact is that, when = L'^{fi), for every / € ij®'^ = L'^il^^) the random variable Ik{f) 
coincides with the /c-fold multiple Wiener-Ito stochastic integral of / with respect to the centered 
Gaussian measure (with control /x) canonically generated by X (see \19\ Section 1.1.2]). 

It is well-known that L^(0) can be decomposed into the infinite orthogonal sum of the spaces 
T-Lk- It follows that any square- integrable random variable F G L^(fi) admits the following Wiener- 
Ito chaotic expansion 

oo 

F = Y,Wk), (2.4) 

k=0 



^When we are dealing with sequences of random variables that have a law which is absolutely continuous 
with respect to the Lebesgue measure, which is going to be always the case in our paper, it is worthwhile 
noting that the convergence in total variation is actually equivalent to the L^-convergence of densities. 
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where /o = E[F], and the fj^ G k ^ 1, are uniquely determined by F. For every k ^ 0, 

we denote by the orthogonal projection operator on the kth Wiener chaos. In particular, if 
F G L2(0) is as in ([23]), then J^F = Ik{fk) for every k ^ 0. 

Let {ej, i ^ 1} be a complete orthonormal system in Sj. Given / G i^®*^ and g G i^®', for every 
r = 0, . . . ,k Al, the contraction of / and (7 of order r is the element of j^®{'=+'-2r) (jgf^j^g(;[ |-,y 

00 

f®rg= ^ (/, (g) . . . ejj^®r (g) (5(,eij (g) . . . (g) ej^)j^®r. (2.5) 

il,...,V = l 

Notice that the definition of f 0r 9 does not depend on the particular choice of {ej, i ^ 1}, and 
that f ®r 9 is not necessarily symmetric; we denote its symmetrization by f^rd G ^'3ik+l--2r) ^ 
Moreover, / (go 5 = f ®g equals the tensor product of / and g while, for k = I, f ®kg = {f^9)f)<sk- 
When = L'^{A, A, and r = 1, /c A /, the contraction f (^r 9 is the element of L?'{ijl^~^^~'^^') 
given by 

f ®r 9{xi,---,Xk+l-2r) (2.6) 
f{xi, ...,Xk-r,ai, ...,ar)9{Xk-r+l, ...,Xfc+;_2r,ai, . . . , ar)dfi{ai) . . .dfl{ar) ■ 



It can also be shown that the following product formula holds: if / G i^®'^ and g G i^®', then 

kAl 

h{f)Il{9) = E^'Q {^)jh+l-2r{f®r9). (2.7) 

Finally, we state a very useful property of Wiener chaos (see |12j or Corollary 2.8.14]), which 
is going to be used several times in the sequel (notably in the proofs of Lemmas 15.31 and 12. 4p . 

Theorem 2.1 (Hypercontractivity) Let F G T-Lk with k ^ I. Then, for all r > 1, 

EllFl'f'^ ^ (r - 1)^/2^[f2]V2. 

2.2 Malliavin calculus 

We now introduce some basic elements of the Malliavin calculus with respect to the isonormal 
Gaussian process X = {X{h), h G S^}. Let S be the set of all cylindrical random variables of the 
form 

F = 5(X(0i),...,X(</.„)), (2.8) 

where n ^ 1, g : M" — )• M is an infinitely differentiable function such that its partial derivatives 
have polynomial growth, and (pi G Sj, i = 1, . . . ,n. The Malliavin derivative of F with respect to 
X is the element of L'^{Q,Sj) defined as 

i=l * 
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In particular, DX{h) = h for every h £ S). By iteration, one can define the mth derivative D'^F, 
which is an element of L^(r2,ij®"^) for every m ^ 2. For m ^ 1 and p ^ 1, B™'^ denotes the 
closure of S with respect to the norm || • dGfined. by tlie relation 



\Frm,r = E[\F\p]+Y,e[\\D^F\\1, 



We often use the notation B°° := Hm^i flp^i ' 



Remark 2.2 Any random variable Y that is a finite linear combination of multiple Wiener-Ito 
integrals is an element of D°°. Moreover, if y 7^ 0, then the law of Y admits a density with respect 
to the Lebesgue measure - see |25| or |16| Theorem 2.10.1]. 

The Malliavin derivative D obeys the following chain rule. If ip : — t- R is continuously 
differentiable with bounded partial derivatives and if F = {Fi, . . . ,Fn) is a vector of elements of 
then (p{F) G B^'^ and 

DviF) = T.^(P)DP- (2.9) 

1=1 * 

Remark 2.3 By approximation, it is easily checked that equation ()2.9p continues to hold in the 
following two cases: (i) Fi G B°° and ip has continuous partial derivatives with at most polynomial 
growth, and (ii) Fi £ D^''^ has an absolutely continuous distribution and ip is Lipschitz continuous. 

Note also that a random variable F in L^(f]) is in B^'^ if and only if X^^^ A;|| Jfc-F||^2(^) < 00 
and, in this case, ii^ [||Z)F|||i] = Yl'k^=i^\\'^kF\\'^2(^Qy If = L"^ {A, A, ^) (with /i non-atomic), then 
the derivative of a random variable F in L'^{Q) can be identified with the element of L'^{A x $7) 
given by 



00 

E 

fc=i 



D,F = V kh_i {fk{-,x)) , xgA. (2.10) 



We denote by 6 the adjoint of the operator D, also called the divergence operator. A ran- 
dom element u G L'^{Q,S)) belongs to the domain of 6, noted Dom(^, if and only if it verifies 
\E{DF,u)s^\ ^ ||-F||l2(q) for any F G B^'^, where c„ is a constant depending only on u. If 
u G DomJ, then the random variable 5{u) is defined by the duality relationship (customarily 
called integration by parts formula) 

E[F6{u)]=E[{DF,u),,], (2.11) 

which holds for every F G B^'^. More generally, if F G B^'^ and u G Dom6 are such that the 
three expectations £;[f2||u|||,], E[F'^6{u)^] and E[{DF, m)|J are finite, then Fu G Dom5 and 

6iFu) = F6{u) - {DF, u)s-r (2.12) 
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The operator L, defined as L = Yl^=o~^'^f'' ^^^^ infinitesimal generator of the Ornstein- 
Uhlenbeck semigroup. The domain of L is 

oo 

DomL = {Fe L^{n) -.^k^ Il-^fc^lli2(n) < 00} = B^-^. 

k=l 

There is an important relation between the operators D, 5 and L. A random variable F belongs 
to B^'^ if and only if F G Dom {6D) (i.e. F G B^'^ and DF £ DomJ) and, in this case, 

5DF = -LF. (2.13) 

In particular, if F G B2'2 and H,G e B^'^ are such that HG G B^'^, then 

-E[HGLF] = E[HGSDF]= E[{D{HG),DF)^-,] = E[H{DG,DF)s^] + E[G{DH,DF)^]. 

(2.14) 



2.3 A useful result 

In this section, we state and prove the following lemma, which will be used several times in the 
sequel. 

Lemma 2.4 Fix p ^ 2, and let {Fn} be a sequence of non-zero random variables belonging to 
the finite sum of chaoses ©^^q'Ha;. Assume that Fn converges in distribution as n ^ 00. Then 
supn^i E[\Fn\^] < 00 for all r ^ \. 

Proof. Let Z he a positive random variable such that E[Z] = 1. Consider the decomposition 
Z = Zl^z^i/2} + ^l{z<i/2} a-iid take the expectation. One deduces, using Cauchy-Schwarz, that 



1^./E[Z^WP{Z^1/2) + -, 
that is, 

E[Z^]P{Z 1/2)^^. (2.15) 

On the other hand. Theorem 12.11 implies the existence of Cp > (a constant depending only on 
p) such that F[F^] ^ Cpi?[-F^]^ for all n ^ 1. Combining this latter fact with ()2.15p yields, with 
Z = F,yE[F^], 

P{Fl ^ \e[fI]) ^ ^. (2.16) 

The sequence {Frijn^i converging in distribution, it is tight and one can choose M > large 
enough so that P{F^ > M) < for all n ^ 1. By applying (j2.16p . one obtains that 



P[Fl ^ M) < ^ P[Fl ^ \ E{Fl\), 



4cp 

from which one deduces immediately that sup^^^ -^[-^n] ^ ^Af < 00. The desired conclusion 
follows from Theorem 12.11 ■ 
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2.4 Carbery- Wright inequality 

The proof of (|1.2p shall rely on the following nice inequality due to Carbery and Wright |3]. We 
state it in the case of standard Gaussian random variables only. But its statement is actually 
more general, as it works under a log-concave density assumption. 

Theorem 2.5 (Carbery- Wright) There exists an absolute constant c > such that, for all 
polynomial Q : M" — t- M o/ degree at most d, all independent random variables ~ 
A/'(0, 1) and all a > 0, 

E[Q{Xi,...,Xnf]h P{\Q{Xi,...,Xn)\ ^a)^cda^. (2.17) 

Proof. See [3l Theorem 8]. ■ 

The power of a in the inequality (|'2.17|) is sharp. To see it, it suffices to consider the case 
where n = 1 and Q{x) = x'^; we then have 



P{\Xi\'' ^ a) = P{\Xi\ ^ ai/'^) ~,^o+ 



3 An asymptotic version of a theorem by Shigekawa 

Our first result, which may be seen as an asymptotic version of Shigekawa |25| . reads as follows. 

Theorem 3.1 Fix p ^ 2, and let {Fn} be a sequence of random variables belonging to the fi- 
nite sum of chaoses ©f.^g^'^- Assume that F„ converges in distribution towards F^o satisfying 
Var(Foo) > 0. Then, the following three assertions hold true: 

1. the sequence {Fn} is uniformly bounded in all the U'{Q): that is, sup„^i £^[|-F„|''] < oo for 
all r^l; 

2. there exists c > such that, for all n 1, 

dTv{Fn,F^) ^ cdFM{Fn,F^)^. (3.18) 
In particular, Fn converges in total variation towards Fqo/ 

3. the law of F^^ is absolutely continuous with respect to the Lebesgue measure. 

Proof. The first point comes directly from Lemma |2.4[ The rest of the proof is divided into four 
steps. Throughout the proof, the letter c stands for a non-negative constant independent of n (but 
which may depend on p, {Fn} or -/^oo) Qjud whose value may change from line to line. 

First step. We claim that there exists c > such that, for all n ^ 1: 

1 

P{\\DFnU ^ X) ^ c (3.19) 

Var(Fn)2p-2 
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Indeed, let be the elements of i^®*^ such that F„ = E[Fn] + "^^^i Ik{fk,n)- Using the product 
formula (12.71). we can write: 



k,l=l 

k,l=l r=l \ / \ / 

Now, let {ei}i^i be an orthonormal family of Sj and decompose 



fk,n®rfl,n — ^ ^ 

mi,m2,--- ,mfe+;_2r=l 



Also, set 



9k,l,r,n,s — ^ ^ Q^mi,--- ,mfe^;_2r,?i ^n^i "X" 

'Tll,»n2,--- ,mfe + i_2r = l 



'^^^ /A: — 1\ — 1\ 



Firstly, it is clear that gk,i,r,n,s ~^ fk,n®rfi,n ^ s tends to infinity in 2r)^ Hence, using the 

isometry property of Wiener-Ito integrals we conclude that 



Ys^n ^ \\DFn\\% as s ^ oo. (3.20) 

We deduce that there exists a strictly increasing sequence {s/} such that Yg^^n \\DFn\\'^ as / — )■ oo 
almost surely. Secondly, WG deduce from cl well-known result by Ito tlicitj with, h — h\ -|- • • • ~l~ A^rn? 



i=l 



Here, Hk stands for the kth Hermite polynomial and has degree /c, see ()2.3p . Also, one should 
note that the value of Ik{ef^^ . . . e^™') is not modified when one permutes the order of the 
elements in the tensor product. Putting these two facts together, we can write 

ys,n = Qs,n iX{ei), X{es)) , 

for some polynomial Qs,n of degree at most 2p — 2. Consequently, we deduce from Theorem 12.51 
that there exists a constant c > such that, for any n ^ and any A > 0, 

Next, we can use Fatou's lemma to deduce that, for any n ^ and any A > 0, 
P{\\DFnU ^ A) < P fliminf{|y,,,„| < 2X^} 

< hminf P(|n,„| ^ 2A2) <: cE \\DF.^\%\-^I'^'''-'^ (3.21) 
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Finally, by applying the Poincare inequality (that is, Var(i<^„) ^ E'dlDF^Uli]), we get 



E[\\DFX] ^E[\\DFnn,, 



2l2 



^ Var(F, 



2 

nj ) 



which, together with ()3.2ip . implies the desired conclusion ()3.19p . 

Second step. We claim that: (i) the law of Fn is absolutely continuous with respect to the 
Lebesgue measure when n is large enough, and that (ii) there exists c > and ng € N such that, 
for all e > 0, the following inequality holds: 



sup E 

n^no 



\DFn\\l+e 



(3.22) 



The first point is a direct consequence of Shigekawa [25], but one can also give a direct proof by 
using (|3.19p . Indeed Point 1 together with the assumption that F„, converges in distribution to 
Foo implies that Var(F„) — )■ Var(i<'oo) > 0. By letting A — )■ in ()3.19p . we deduce that, for n large 
enough (so that Var(F„) > 0), we have PdlDF^Hj^, = 0) = 0. Then, the Bouleau-Hirsch criterion 
(see, e.g., |19| Theorem 2.1.3]) ensures that the law of Fn is absolutely continuous with respect to 
the Lebesgue measure. 

Now, let us prove p.22p . We deduce from ()3.19p that, for any A,e > 0, 



E 



\DFn 



+ e 



^ E 



\DFn 



+ e 



1{||DF„|U,>A} 



+ P(\\DF 



<A) 



^ 4 + cVar(F„)-^/('^-')Ai/(?'-i). 
A^ 



As we said, we have that Var(F„) — )■ Var(Foo) > as n — )• oo. Therefore, there exists a > such 
that Var(F„) > a for n large enough (say n ^ no). We deduce that there exists c > such that, 
for any A, e > 0, 



sup E 



l^^nlll+e 



^ c 



(i + A'/<.-..). 



(3.23) 



Choosing A = e^p-i concludes the proof of (|3.22p . 

Third step. We claim that there exists c > such that, for all n,m large enough, 

dTv{Fn,Fm) ^ cdFM{Fn,F,n)^. 



(3.24) 



1 — 

Set Pa{x) = ^^2n ^ ^ ^ < a ^ 1. Let ^ be a bounded Borel set. It is easily checked 
that 



*Pa||oo ^ ||lyl||oo||Pa||l = 

and, since p^(x) = — ^Pa(x), that 

\\{1a* PaYWoo = \\lA*p'a\ 



a 



(3.25) 



sup 



1a{x - y)ypa{y)dy 



^ -2 [ \y\Pa{y)dy = -\ - -. 
Jr ay it a 



(3.26) 
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Let n, m be large integers. Using (j3.22p . p.25p . (|3.26p and that has a density when n is large 
enough (Step 2 (i)), we can write 



\P{FneA)-P{F^eA)\ 

^ 1^ [1a * Pa{Fn) - 1a * Pa{Fm)] 



+ 



+ 



E 



E 



{lA{Fn)-lA*Pa{Fn)) 
{lA{Fn,)-lA*Pa{Fm)) 



2 



+ 



\\\DFn\\l + e \\DFn\\l + e 
(JDF\ 



+ 



^ -dFM{Fn,Fm) + 2E 

a 



\\DFn\\l+e 



\\\DF^\\l + e \\DF„,\\l+e 
+ 2E 



e 

\\DFm\\l+e 



+ 



E 



{lAiFn)-lA*PaiFn)) 



\\DFr,\\l+e 



+ 



E 



\\DFrr 



(UiFrn) - U * Pa{Fm)) ' ^."^ ^ 



a 



sup 

n^no 



E 



{lA{Fn)-lA*Pc.{Fn)) 



WDFnWl + e 



Now, set ^(x) = lA{s)ds and let us integrate by parts through (|2.14p . We get 



{lA{Fn)-lA*Pc.{Fn)) 



1 



WDFnWl 
WDFnWl + e 



.j^j, ^ {D{^{Fn) - ^ * Pa{Fn)), DFn),, 



{^{Fn)--^*Pa.{Fn)) (DFn,D 



+ 



LFn 



WDFnWl+eJ/^ ' WDFnWl +e 



{^{Fn)-^*PaiFn)) 



2{D^Fn, DFn ® DFn)^m LF, 



+ 



(WDFnWl +er WDFnWl + e 

^ - ^*Pa{Fn)\ {2WD^FnW,,m + . 



(3.27) 



On the other hand, we have 
\^{x)-^*Paix)\ = 



pUv) { i^A{z)-lAiz-y))dz]dy 



^ / Pa{y) I lA{z)dz- / lA{z-y)dz 
^ / Paiy) 



dy 



dy I Pa{y) \y\ dy ^ \/ 



(3.2^ 



lA{z)dz 

ix-y 

Moreover, Fn is bounded in L'^{9) (see indeed Point 1) and D'^Fn = YX=2 k{k-l)Ik-2{fk,n)- We 
deduce that sup„^;^ £'[|LF„|] < oo (since F„ G ©fc=o'^fc) and 



supii^ [||L'^F„||^82] < oo, 
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implying in turn, thanks to (j3.28p . that 

\DK "2 



sup 



E 



[lA{Fn)-lA*Pa{Fn)) 



a 

e 



Thus, there exists c > and G N such that, for any n, m ^ no, any < a ^ 1 and any e > 0, 

/I a ^_ 

dTv{Fn,Fm) ^ C -dFM{Fn,Fm) + - + e^f-^ 

Choosing a = (^T^dphiiFniFm))'^^^^ (observe that a ^ 1) and e = dpM{Fn, Fm)'^^+^ leads to our 
claim (13231). 

Fourth and final step. Since the Fortet-Mourier distance dpM metrizes the convergence in 
distribution (see, e.g., [3 Theorem 11.3.3]), our assumption ensures that dpuiFn^Fm) — s- as 
n,m ^ oo. Thanks to ()3.24p . we conclude that Pp^ is a Cauchy sequence for the total variation 
distance. But the space of bounded measures is complete for the total variation distance, so Pp^ 
must converge towards Pp^ in the total variation distance. Letting m — )■ oo in p.24p yields the 
desired inequality (j3.18p . The proof of point 2 is done. 

Let A be a Borel set of Lebesgue measure zero. By Step 2 (i), we have P{Fn € ^) = 
when n is large enough. Since dTv{Fn, Foo) — ?• as n — t- oo, we deduce that P{Foo £ A) = 0, 
proving that the law of F^o is absolutely continuous with respect to the Lebesgue measure by the 
Radon-Nikodym theorem. The proof of point 3 is done. ■ 

Let us give an application of Theorem 13. II to the study of the absolute continuity of laws which 
are limits of multilinear polynomials with low influences and bounded degree. We use techniques 
from Mossel, O'Donnel and Oleszkiewicz 1111. 



Theorem 3.2 Let p ^ 1 be an integer and let Xi, X2, . . . he independent random variables. 
Assume further that E[Xi.\ = and ElX"^] = 1 for all k and that there exists e > such that 
sup^E'lXfcp^^ < 00. For any m ^ 1, let n = n{m) et let Qm G M.[xi, . . . , Xn{m) 0, real 
polynomial of the form 

5c{l,...,n(m.)} ieS 

with X]|s|>0 ''I'm ~ ^- Suppose moreover that the contribution of each Xi to Qm{xi, ■ ■ ■ is 
uniformly negligible, that is, 

lim sup V 4 = 0, (3.29) 

and that the degree of Qm is at most p, that is, 

max \S\^p. (3.30) 

Finally, let F be a limit in law of Qm{Xi, . . . , Xj^(^j^^^) (possibly through a subsequence only) as 
m — 7- 00. Then the law of F has a density with respect to the Lebesgue measure. 
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Proof. Using [111 Theorem 2.2] and because of ()3.29p and ()3.30p . we deduce that F is also a 
Hmit in law of Qm{Gi, . . . ,Gn(m))j where the Gi's are independent A^(0, 1) random variables. 
Moreover, because of ()3.30p . it is straightforward that Qm{Gi, . . . , Gn{m)) ^^-Y be realized as an 
element belonging to the sum of the p first Wiener chaoses. Also, due to X]|5|>o ^Sm~^^ have 
that the variance of QmiGi, . . . ,Gn(m)) is 1- Therefore, the desired conclusion is now a direct 
consequence of Theorem 13.11 . ■ 



Remark 3.3 One cannot remove the assumption (|3.29p in the previous theorem. Indeed, with- 
out this assumption, it is straightforward to construct easy counterexamples to the conclusion 
of Theorem 13.11 For instance, it is clear that the conclusion is not reached if one considers 
Qmixi, . . . , Xn[m)) — ^1 together with a discrete random variable Xi. 



4 Continuity of the law of hif) with respect to / 

In this section, we are mainly interested in the continuity of the law of Ikif) with respect to its 
kernel /. Our first theorem is a result going in the same direction. It exhibits a sufficient condition 
that allows one to pass from a convergence in law to a convergence in total variation. 

Theorem 4.1 Let {Fn}n^i be a sequence o/B^'^ satisfying 
(i) ii^^Ip G dom(5 for any n ^ 1; 



(ii) C := sup^^i^; 



\\DF,,\\l 



< oo; 



/■■■•, law „ 

(iiij i'oo as n ^ OO. 

Then 



AC, 



In particular, Fn tends to F^o in total variation. 

Proof. Let ^ be a bounded Borel set and set Pa{x) = ^/^^ e , x G M, < a ^ 1. Since 

Jq (1^(3;) — 1a *Pa)dx is Lipschitz and F^, F^ admit a density, we have using (|2.1ip that, for 
any n, m ^ 1, 



P{Fn gA)- P(F„ G A) 

E[lA*Pa{Fn)]-E[lA*Pa{Fm)]+E 
DFn ^ 



DF„ 



\F>Fn\\jj/ Jo 



[1a - 1a *Pa}{x)d2 



iDFmWjj/ JO 



- lA*Pa)ix)dx 



Using ()3.25p and (|3.26p . we can write 



\E[lA*Pa{Fn)]-E[lA*Pa{Fm)] \ ^ -dFM{Fn,Fm). 
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On the other hand, we have, for any x G M, 

/ {1a- iA*Pa){v)dv = du dvpa{v){lA{u) - 1a{u - v)) 
Jo Jo Jr 

dvpa{v) {1a{u) - 1a{u - v))du 



dvpa{v) 



lA{u)du 



lA{'u)du 



^2 / \v\pa{v)dv = 2^^l — a. 



By putting all these facts together, we get that 



\P{Fn eA)- P{Fra G A) | -dpuiFn, F.^) + AC \ -a. 
' 'a V vr 



To conclude, it remains to choose a = y ^dpMiFn, Fm) and then to let m — )• oo as in the fourth 
step of the proof of Theorem 13.11 ■ 



][5l,2 

In [23], Poly and Malicet prove that, if Fn -Foo and P{\\DFoo H^, > 0) = 1, then dTv{Fn,Foo) - 
0. Nevertheless, their proof does not give any idea on the rate of convergence. The following result 
is a kind of quantitative version of the aforementioned result in |23) . 

Theorem 4.2 Let {-Fnjn^i be a sequence in D^'^ such that each Fn admits a density. Let Fqo S 

Fnc then there exists a constant 



D^'^ and let < a ^ 2 be such that E 



< OO. IfFn 



c > depending only of F^o such that, for any 1, 
dTv{Fn,F^) ^ c\\Fn-F„ 



I a + 2 



Proof. Throughout the proof, the letter c stands for a non-negative constant independent of n and 
whose value may change from line to line. Let A be a bounded Borel set of M. For all < e ^ 1, 
one has (using that Fn has a density to perform the integration by parts, see Remark] 



P{Fn £A)- P(Foo G A) 
'{D J^llA{x)dx,DF^),, 



E 



\DF^\\l+e 



+ E 



(1a(F„)-1a(Foo))- 



-E 



But, see (f2T2]l . 



lA{Fn 



{DjFn- F^),DF^)sj 
\\DF^\\l+e 



(4.31) 



D / lAix)dx,DF„ 



5{DF^ / lAix)dx] +LF, 



lAix)dx. 
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Therefore 



E 



E 



E 



{D /J" lA{x)dx,DF^),, 





WDF l|2 




\A{x)dx j 


IF^ 


\A{x)dx 



+ e 



\DF IP -1- 



+ 



\DF^\\l+e 



2{D^F^,DF^(g)DF^)s^, 
{WDF^Wl+ef 



+ 



LFr. 



\DF^\\l+e 



^ - WFr, 



OO ||2) 



the last inequaUty following from Caucliy-Schwarz and the fact that F^o € B^'^. On the other 
hand, 



E 



lAiFn 



{D{Fn-F^),DFo^)f, 
\\DF^\\l+s 



Fmally, let us observe that: 



E 



{lAiFn)-lAiFoc))- 



\DF P 



< -\\F — F 

^ IK n OO I 



< E 



\DF^\\l+£ 



€ e^E 



DF^ 



Therefore, putting all these facts together and with £ = \\Fn — F^ 



2 

ooliBM, we get 



\P{Fn eA)- P(Foo G ^)| c (^et + ^\\Fn - Foo|bi,2 j ^ c\\Fn - F^W^ll, 

which is the desired conclusion. ■ 

Let us now study the continuity of the law of Ikif) with respect to its kernel /. Before offering 
another proof of the main result in Davydov and Martynova [6] (see our comments about this in 
the introduction), we start with a preliminary lemma. 

Lemma 4.3 Let F = Ik{f) with k ^ 2 and f G S)®^ non identically zero. There exists c > 
such that, for all e > 0, 

P(\\DF\\l ^ e) ^ c£^. 



Proof. Throughout the proof, the letter c stands for a non-negative constant independent of n and 
whose value may change from line to line. The proof is very close to that of Step 1 in Theorem 
3.11 Let {ei}i^i be an orthonormal basis of S^. One can decompose / as 



/ — Ci-^^,...,ik (X" . . . 

ii,...,jfe=l 

For each n ^ 1, set 

n 

fn = Cii,...,ik (8) . . . 

il,...,ife=l 



(4.32) 
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As n — )• oo, one has /„—)■/ in S)^'' or, equivalently, Ik{fn) ^kif) in L'^{^)- We deduce that 
there exists a strictly increasing sequence {n/} such that Ikifni) — ^ ^kif) almost surely as / — t- oo. 
On the other hand, this is a well-known result from Ito that, with k = ki -\- . . . + km, one has 

m 
i=l 

with i/fc the kth. Hermite polynomial given by (j2.3p . Also, one should note that the value of 
Ik{sf^^ (8) ... (8) e®'^™) is not modified when one permutes the order of the elements in the tensor 
product. It is deduced from these two facts that 

= Qn,k {X{ei), . . .,X{en)) , 

where Qn,k is a polynomial of degree at most k. Theorem 12.51 ensures the existence of a constant 
c > such that, for all n ^ 1 and e > 0, 

P{\Ikifn)\<e\\fnUm) ^ce'/\ 

Next, we can use Fatou's lemma to deduce that, for any e > 0, 

^(l4(/)Ke||/IU«.) ^ pfliminf{|4(/„JK2e||/„J|^«.} 

^ hminf < 2e||/„J|^»0 ^ ce^/^ 



Z— >-oo 
Equivalently, 

P{\Ik{f)\^e)^c\\f\\-li'e'/'. 
Now, assume for a while that {f,h)f) = for all h £ Sj. By ()4.32p . we have 

oo 

{f,h)sj= ^ c(n,...,ifc)(eii,/i)j3 (8)...(8)eij^, 
n,...,ifc=i 

implying in turn, because (/, h)sj = for all h £ Sj, that 

oo / oo \ 2 

X] ["^(^i^i^- ■ ■ '^k){ei^,h)fj\ = for all /i G i^. 

«2,...,ifc=l \ii=l / 

By choosing h = Ci, i = 1, 2, we get that c{ii, . . . ,ik) = for any ii, . . . ,ik ^ 1, that is, / = 0. 
This latter fact being in contradiction with our assumption, one deduces that there exists h £ 
so that (/, h)f) 7^ 0. Consequently, 

P{\\DF\\l ^ e) ^ P{\{DF,h),,\ ^ V^WhU) = P (^\h-i{{f,h))^\ ^ ^V^WH,^ < ce^, 

which is the desired conclusion. ■ 

Finally, we state and prove the following result, which gives a precise estimate for the continuity 
of Ikif) with respect to /. This is almost the main result of Davydov and Martynova |6], see 
our comments in the introduction. Moreover, with respect to what we would have obtained by 
applying (|3.18p . here the rate is ^ (which is better than 2k+i i immediate consequence of (|3.18p ). 
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Theorem 4.4 Fix k ^ 2, and let {/n}n>i be a sequence of elements of i^®'^. Assume that 
foo = linirn>oo fn exists in S^®^ and that each fn as well as f^o are not identically zero. Then there 
exists a constant c, depending only on k and foo, such that, for all n ^ 1, 

1 

dTv{Ik{fn),Ik{foo)) ^C\\fn - /oo||^®fc 

for any n ^ 1. 

Proof. Set Fn = Ik{fn) and F^o = Ikifoo)- L^t A be a bounded Borel set of M, and fix < e ^ 1. 
Since fn, foo ^ 0, Shigekawa theorem (see |25| . or |16l Theorem 2.10.1], or Theorem 13. ip ensm'es 
that Fn and F^o both have a density. We deduce that 



[lA{Fn) - lA(i^oo))||^i^oo||?, + lA{Fn){D{Fn - F^),DF^),„ 



D / lA{x)dx,DFo 

J Poo 

implying in turn that 

P{Fn £A)- P(Foo G A) 



E 

-E 
+E 



D J^^lAix)dx,DF„ 



\DF^\\l+e 



lA{Fn){D{Fn - F^),DF^)^ 
\\DF^\\l+e 



(1a(F„)-1a(Foo))- 



l^^oolll+e 



Firstly, using (|2.12p and next 5{DFoo) = —LF^o = kF^o we can write 
'D J^^lA{x)dx,DFo 



E 



E 



E 



E 



\DF^\\l+e 



DF^ 



\DF^\\l+e 



Fn 



lA{x)dx 



kF^ 



\DF^\\l + e 



kF^ 



\DF^\\l+e 











lA{x)dx 


- E 








rF„ 








lA{x)dx 


+ E 


IFoc 







{DF^,D 



\DF^\\l + e 



lA{x)dx 



2{D^F^,DF^<g)DF, 



\DF^\\l+e)' 



Fn 



lA{x)dx 



^ -E[{k\F^\ + 2\\D^F^\\^^m) \Fn - F^\] 



^ -\\fn- fooWsj'Sk \lklE 



{k\F^\ + 2\\D^F^\\s^^2)'' 



where the last inequality comes from Cauchy-Schwarz and the isometry property of multiple 
integrals. Secondly, using Ie[\\DF^\\1] = E [F^ x ^SDF^] = E[Fl] and 



^E[\\D{Fn - F^)f] = E[{Fn - F^y] = k\\\fn - fooWl^,, 
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we have 



E 



lA{Fn){D{Fn- F^),DF, 



Thirdly, 



E 



\DF^\\l+e 



[lAiFn)-lA{Foo))- 



^-||/n-/oolU«. Vk^k\E[F^ 



^ E 



\DF^\\l + e 



\DF^\\i+e 



5^ E 



+ P{\\DF^\\l^e—^ 



1 1 1 

where the last inequality comes from Lemma 14.31 
By summarizing, we get 

|P(F„ eA)- P(Foo £A)\i^^\\fn- foohm + ce^. 

2fe-l 

The desired conclusion follows by choosing e = — /oo||^|'fc • ■ 

5 The Peccati- Tudor theorem holds in total variation 

Let us first recall the Peccati- Tudor theorem |22j . 

Theorem 5.1 Let d ^ 2 and kd, ■ ■ ■ ,ki ^ 1 be some fixed integers. Consider vectors 

Fn = {Fl^n, ■ ■ ■ ,Fd,n) = {hi{fl,n), ■ ■ ■ , haifd^n)) , ^ ^ 1, 

with fi^n S i^®'^*. Let N ~ Md{0, C) with det(C) > and assume that 

lim E[Fi^nFj,n] = C{i,j), 1 ^ i,i ^ d. (5.33) 

rn>oo 

Then, as n — t- oo, the following two conditions are equivalent: 
(a) Fn converges in law to N; 

(h) for every 1 ^ i ^ d, Fi^n converges in law to N'{0,C{i,i)). 

The following result shows that the assertion (a) in the previous theorem may be replaced for 
free by an a priori stronger assertion, namely: 

(a') Fn converges in total variation to N. 
Theorem 5.2 Let d ^ 2 and kd, . . . ,ki ^ 1 be some fixed integers. Consider vectors 

Fn = {Fl^n, ■ ■ ■ ,Fd,n) = (A-i (/l,n) , • • • , Ika{fd,n)) ■, n ^ 1, 



with fi^n G Sj®^'- . As n ^ oo, assume that Fn 
dTv{Fn-,N) — )• as n —)■ OO. 



law 



N ~ A/'d(0,C) with det(C) > 0. Then, 



18 



During the proof of Theorem 15.21 we shah need the following auxiliary lemma. (Recall that 
Tik denotes the kth. Wiener chaos of X.) 

Lemma 5.3 Let A be the class of sequences {Yn}n^i satisfying that: (i) there exists p £ N* such 
that Yn G ©^=0 '^^^ ^' '^'^'^ (^^) ^^Pn^i -^[^] < have the following stability property 

for A: if {Yn}n^i ^.n-d {^n}n>i both belong to A, then {{DYn, DZn)^}n^i belongs to A too. 

Proof. Let {y^ln^i and {Zn}n^i be two sequences of A. We then have: (i) Yn = E\Yn] + 
YJk=i^k{gk,n) and Zn = E[Zn] + Ylk=i ^k{hk,n) for some integer p and some elements gk^n and 
hk,n of io®''; (a) sup„j,i |bfc,n|||®fe < OO and sup^^i ll^fc,n|||<8fe < OO for ah k = I, . . . ,p. Using the 
product formula for multiple Wiener-Ito integrals, it is straightforward to check that 

P /A; — — 1\ ~ 

{DYn,DZn)f^ = kl^^ir - ly.i _ ]{ _ ]lk+l-2ri9k,n(S)rhl,n)- 

k,l=l r=l ^ ' 

We deduce in particular that {DYn, DZn)sj G ©fc=o^'«' Moreover, since 

we have that supn>i ^[{DYn, DZn)^^] < oo. That is, the sequence {{DYn, DZn)s'-,}n^i belongs to 
A. " m 



We are now in a position to prove Theorem 15.21 

Proof of Theorem \5.^ First, using Lemma [2. 41 and because Fn Md{0,C), it is straightforward 
to show that E[Fi^nFj,n] — ^ C{i,j) as n ^ oo for all i,j = 1, . . . ,d. Now, fix M ^ 1 and let 
<j) e C~([-M, M]'^). For any i = 1, . . . , define 



Ti[(l)]{x) = (l){xi,. . . ,Xi-i,t,Xi+i,. . . ,Xd)dt, xeR. 
Jo 

Also, set Ti^,...,i^ = Ti^o . . .oTi^, so that 9ji,...,i„Tj^,...,i„[(?:)] = </>. 

The following lemma, which exhibits mere regularizing properties for the operators Tj, is going 
to play a crucial role in the proof. 

Lemma 5.4 The function Tf;^...^2,i[</'] satisfies the following two properties: 
. for allk = l,...,d, ||Tfe,...,2,i[0]||oo ^M'=||</.|U; 

. for all x, yew', |Trf,...,2,i[0](:E) - T^^.^a.iMCy)!^ Af'^-i||(/.|U||x - y||i. 
Proof. For any x, y G M"' and A; = 1, . . . , d, we have 

\Tk,...,2,iW\{x)\ / I ... I \(t){ti,...,tk,Xk+i,...,Xd)\dtidt2...dtk 



JO 
M f-M rM 



/ / ... / \(f){ti, . . . ,tk,Xk+i,. ■ ■ ,Xd)\dtidt2 . . .dtk ^ M 
Jo Jo Jo 



""" OO ) 
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whereas 



|7l,2,...,dM(2;) - Ti^2,...,o 



Xl 



(t>{ti, . . .,td)dtidt2 ...dtd- 

^0 



yi rvd 



(piti, . . .,td)dtidt2 ...dtd 



1=1 



Xl 



rVi rVi+i 
Jx^ Jo 



Vd 



(pih, . . .,td)dtidt2 ...dtd 



El 



oo / , \Xi yi\ 
i=l 



Let us go back to the proof of Theorem 15.21 Set 

/ {DFi^n, DFi^n)^, ■ ■ ■ {DFd,n, DFi^n)fy 

rn= ; ... ; 

V {DFi^n,DFd {DFd,n,DFd 
the Malhavin matrix associated with F„. Using the chain rule 
( {D<l,{Fn),DFi^n),,\ ( di<t){Fn, 



we have 



V {DcP{Fn),DFd 
Solving (fOill yields: 



(5.34) 



V ddcPiFn) 



5,<^(F„) det(r„) = ^(Comr„), ^i{D(j){Fn),DFa,n)^, 



(5.35) 



a=l 



where Com(-) stands for the usual comatrice operator. By first multiplying ()5.35p hy W £ B^'^ 
and then taking the expectation, we get, using (j2.14p as well, 

E[dicl){Fn)det{rn)W] (5.36) 
d 

= -Y,E[4>{Fn){{D{W{Comrn)a,i),DFa,n)^^ + {ComV n) a,^W LFa,n)] = E[4>{FM,n{W)], 



a=l 



where 



RiAW) = -^{{DiWiComTn)a,i),DFa,n)^ + {ComTn)a,^WLFa,n). 



a=l 



Thanks to \20\ Lemma 6], we know that, for any i,j = l,...,d, 



{DFi^n, DFj^n)^} Vkkj C{i,j) as n oo. 



(5.37) 



Also, Lemma 15.31 implies that {DFi^n, DFj^n)sj is in a finite sum of chaoses and is bounded in 
L^(il). By hypercontractivity, we deduce that {DFi^n, DFj^n)sj is actually bounded in all the 
L^(r2), p ^ 1, and that the convergence in (|5.37p extends in all the LP(r2). As a consequence. 



det(rn) ^ det(C) JJ/c^ =: 7 > 0. 



(5.38) 



i=l 
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Using first (j5.36p with W = 1 and Ti [cf)] instead of (p, and then iterating, yields 



E[cl){Fn)det(Tn)] = E[Ti[cP]{Fn)Ri,nil)] 



rr ^ 7-det(^^) ' 

Ti[(t)\{Fn) -Rl,n(l) 
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+ E 



r2,iM(F„,)i?2,n ( -i?l,n(i; 

7 



fc=i 



rj.ui7 ^ 7-det(^„) 



+ ^[rd,„„i[<^](F„)Prf,„], 



with = and „ = Rk+i,n{hfPk,n)- As a consequence of Lemma 15.41 we get the 

fohowing inequality: 



(5.39) 



\E[(t>{Fn)]\ ^ -||0||oo||det(rO-7llL2 

7 

^ Etl^Vf^MkiM .rr ^ II IIP II ^llP II \\T 

+ II det(r„) - 711^2 sup \\Pk,n\\L^ + \\Pd,n\\LA\Td,...,lm\\oo■ 
l l^k^d-l 

Using Lemma 15. 3| we have that {Pk,n}n:^i £ for all k = Hence, we arrive at the 

following inequality: 



1^ K c(||(/.||oo|| det(r„) - 7IU2 + llTd,., 



imiloo 



where c > denote a constant independent of n, and whose value can freely change from line to 
line in what follows. Similarly (more easily actually!), one also shows that 

\E[(l){N)]\^c\\Td,...M\\oo- 

Thus, e C'^{[-M,MY) are such that \\<j)\\oo ^ 1 and ||Vj||oo ^ 1, we have, for ah n ^ 1, 

\{E[(t>{Fn)]-E[ct){N)])-{E[^l:{Fn)]-E[^{N)])\ ^ c|| det r„-7||i2 +c||rd,...,i[0-V^] ||oo. (5.40) 

Now, let p : — > M_|_ be in and satisfy p{x)dx = 1. As usual, set pa{x) = ^/o(f) 
whenever a > 0. 

Lemma 5.5 For all a > 0, we have 

\\Td,...,l[4> - 4>* Pa] 



^ 2aM'^-'^ / ||n||i/>('u)(i'u. 



Proof. We can write 



Td,...,l[4' - 4>* Pa]{x) 

Xl fX2 



JO 







{(p{si, ...,sd)- 0(si -yi,...,sd- yd))pa{yi, ■ ■ ■,yd)dy 



ds 



r-xi /■X2 f-xa 

dypa{yi,---,yd) / •••/ {Hsi, ■ ■ ■ ,Sd) - (pisi - yi, . . . ,Sd- yd))ds 
Jo Jo Jo 

rO rO 

. . . 0(s)(is 
-yi J-Vd 



dypa{yi,---,yd) ^^^,...,1^(2;) - Td^...^i[(p]{x - y) 
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According to Lemma 15.41 we have 

\Td,...Mi^) - Td,...,imoo - y)\ ^ M''-^\\y\\i and 
By combining these two bounds with the above equahty, we get 





.0 






■J-yi 


•l-Vd 



\Td,...,i[^-<j)*Pa\{x)\ <2M 
which is the announced resuh. 



d-l 



y\\idy = 2aM' 



,fd-l 



\u\\ip{u)du, 



Using the previous lemma and applying (j5.40p with -ip = (j) * Pa, we deduce that, for some 
constant c independent of a > and n ^ 1, 



{E - E [cPiN)]) -{E[cl)* pUFn)] -E[cP* p^N)]) | ^ c (|| det(r„) - 711^2 + a) . (5.41) 



But 



< * Paix) - (j) * Paix')\ ^ - / \(l){y)\ 



a 



,x-y X -y 

p{ )-p{ ) 

a a 



dy 



\Hy)\dy \\x - x'Wi ^ 



\p'\\oo{2Mr 



\x — X \\l, 



that is, (j)* Pa is Lipschitz continuous with a constant of the form c/a^. We deduce that 

\E[ct>*pa{Fn)]-E[cl)*paiN)]\ ^ ^dw{Fn,N), (5.42) 

where dw{FmN) stands for the Wasserstein distance between and A^, that is, 
dw{Fn,N)= sup \E[<l,{Fn)] - E[<I,{N)]\. 

(p&Lip(l) 

By plugging inequality (j5.42p into ()5.4ip . we deduce that, for all a > and all n ^ 1, 

sup \E [(l){Fn)] - E [cl){N)] I ^ -^dwiFn, N) + c(|| det(r„) - 711^2 + a), 

where the supremum runs over the functions <^ G C^([— M, M]"^) with ||(/>||oo ^ 1 and where c is 
a constant independent of n and a > 0. By letting n — )■ oo (recall that dy[r{Fn, N) — )■ by [17^ 

^2 

Proposition 3.10] and det(r„) — 7 by (j5.38p ) and then a — )■ 0, we get: 
lim snp\E[cl){Fn)]- E[(b{N)]\=0, 

SO that the forthcoming Lemma 15.61 applies and allows to conclude. ■ 

Lemma 5.6 Let F^o and En be random vectors o/R'^, d ^ 1. As n ^ 00, assume that En -Foo 
and that, for all M ^ 1, 

AM{n) := sup \E [<P{En)] - E [HFoo)] \ ^ 0, 

where the supremum is taken over functions cj) G C^([— M, M]'^) which are hounded by 1. Then 
dTviFn,Eoo) as 00. 
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Proof. Let e > 0. Using the tightness of Fn, we get that there exists large enough such that 
sup P( max \Fin\ ^ JVL) ^ e and P(max iFjool ^ Mi.) ^ e. 

Let (f) G C(M'^,M) with ||0||oo ^ 1 and M ^ + 1. We have 



^ sup |£;[^/;(F„)-^(Foo)]|+2e^^M(n) + 2e. 



+ 2e 



Here, i^A/ is the set of smooth functions ip with compact support in [— M, which are bounded 
by 1. Hence, for all e > 0, 

limsupdTy(-Pn,-F'oo) = \ limsup sup \E[4>{Fn) - </'(-Poo)]| ^ e 

Il0l|oo^l 

and the desired conclusion follows. ■ 
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